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ABSTRACT 

In  this  report  abstract  conditions  are  formulated  v/hich 
assure  that  the  part  of  an  operator  over  a  given  interval  is 

absolutely  continuous »   Tliese  conditions  are  verified  for  the 

2 
operators   -  — 5-  +  q(x)  acting  on  the  Intervals   (-  «,  +  <») 
dx^ 

and  [0,  +00)   respectively,  provided  that  the  function  q  dies 
out  at  infinity. 


TO'VH^aflA 


(^:3  -i-    ...    -V      vi:jV's:o:jnl  edd-  r:o  sn^::jo3      (jJp  -i- -jsr-— 


S'li. 


rb 


'CZ-J.D 


li 

TABLE  OF  CONTEi'lTS 

Abstract »  » 1 

Table  of  Contents 11 

1.  Introduction „ 1_2 

2.  Conditions  for  the  absolute  continuity  of  the  part  of 

an  operator  over  an  Interval • 3_9 

3«      The  basic   lernina 10-15 

4,      The  operator ~  +  q(x)   on   ( -co^ -Ko) 14-25 

dx 


.2 
5.  The  operator +  q(x)   on  [0,co) 26-29 


dx 


c 


6.  Appendix ,  .  .    30-31 

7.  Bibliography  ..,.,,,,,,    32-33 


1  .1  4  • 


*      tt      «      •     e      o      « 


«      «      » 


's.J-' 


««•&•*•«( 


K  "■■  ^ 


.»-•)      ;^-     (  k)P    -f    ^ 


:u."> 


es-c::; 


(co.Ol 


,.  \i  .i»,   ... 


cro  £irrr    .5 


♦        »        /« 


J.       to       •'       *       "       * 


1.  0  I.         ••  « 


,    ,    ,    ,    .    -,7iqj::'j;j.;.I:Icfi:u      .T 


1.1  1 

1.     Introduction 

Let   A   be  a  strictly  self  adjoint  operator  acting  in  an  abstract  Kilbert 
space   H    and  let    {E(  \)}    be  its  spectral  resolution.     Consider  the  set  of 
those  vectors    {f }    in    H    for  v/hich  the  scalar  valued  function    (  f,  E(  V  >  f )     of 
the  variable    X.    is  absolutely  continuous.    According  to  Kalmos  and  Kato 
[I]  [17]    these  vectors  form  a  subspace  v^hich  reduces  the  operator   A   and 
the  restriction  of   A   to  this  subspace,  is  called  the  absolutely  continuous 
part  of   A  .     In  analogy  v/itli  this  terminology  we  call  the  restriction  of   A   to 
its  eigenspace  corresponding  to  a  given  Interval,   the  part  of   A   over  this 
interval. 

In  this  report  vs'e  formulate  abstract  conditions  v;hich  assure  that  the 
part  of  an  operator  over  a  given  interval  is  absolutely  continuous.    For  this 
purpose  it  is  convenient  to  write  the  given  operator  as  the  sum  of  an 
unperturbed  operator  and  a  perturbation.    Then  in  Section  2  we  introduce  tv;o 
such  sets  of  conditions.     One  of  the  features  of  these  conditions  is  that  the 
perturbed  resolvent  does  not  appear  exp.Ucitly  in  them.     Nevertheless  to 
establish  the  first  set  of  these  conditions  we  need  information  on  the 
perturbed  resolvent,  as  is  illustrated  in  the  Appendix.     In  order  to  eliminate 
the  use  of  the  perturbed  resolvent,  we  introduce  additional  conditions, 
obtaining  Conditions  1-2-3.     In  Section  3  we  state  an  abstract  lemma  which 
plays  a  basic  role  in  establishing  this  set  of  conditions  for  specific 
operators,    V/ith  the  aid  of  this  lemma,  in  Sections  4  and  5,  we 
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1.2  2 

,2 
verify  these  conditions  for  the  operators   -  — p  +  q(x)   on  the 

intervals   (-  <»,  +  »)  and  [O,  +  w),  respectively.  V/e  shall 
see  that  the  main  requirement  is  that  the  function  q  should 
die  out  at  infinity,  as  it  v;as  emphasized  by  E.  C,  Tltchmarch 
[14]. 

Host  likely  these  conditions  could  be  established  for  a 
wider  class  of  operators,  e.g.  for  the  operator  -A  +  q,  A  being 
the  Laplacian  and  the  function  q  satisfying  the  Povsner-Ikebe 
condition  [9]*  [10],  Another  example  could  be  the  operator 
M  +  K,  M  being  the  multiplication  operator  and  K  satisfying 
a  gentleness  condition  introduced  by  Friedrichs  [S] ,    [j] ,   or  a 
condition  of  partial  gentleness  Introduced  by  the  author,  else- 
v;here  [8],  At  present,  hovjever,  we  are  not  concerned  with  these 
questions. 

In  conclusion  let  us  remark  that  C,  R^  Putnam  formulated  a 
condition  for  the  absolute  continuity  of  normal  operators.  His 
condition  involved  the  commutator  of  the  given  operator  and  of 
an  operator  to  be  constructed  [2],  [l8].   Let  us  also  remark  that 
the  notion  of  an  absolutely  continuous  operator  was-  extended  to 
operators  v/hich  may  not  admit  a  spectral  resolution.  Speci- 
fically Sz.  Nagy  [4]  assigned  to  an  arbitrary  contraction  opera- 
tor a  unitary  transformation,  which  in  turn,  he  used  to  assign 
an  operator  valued  measure  to  the  contraction.   Later  M. 
Schreiber  [5]  formulated  conditions  for  the  absolute  continuity 
of  contractions. 
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2.1  3 

2.   Conditions  for  the  absolute  continuity  of  the  part  of  an 
operator  over  an  Interval, 

We  start  from  the  resolvent  loop  integral  formula  concerning 
the  strictly  self  adjoint  operator  A  and  its  spectral  resolu- 
tion I  E(C)~^  .   According  to  this  formula,  [l6.b]  if  Imz  4  0 
and  R(z)  =  (z-A)"  ,   then  for  every  f  in  H 


(2.1)   rf,E(C2)f^  -  (f,E{t:^)f)   = 


=  ^  llm  /    ('f,R(C-ie)f')  -  Tf ,R(C+l£)f MdC 

provided  that  Ct   and  ^„  are  not  point-eigenvalues  of  A, 
Note  that  some  authors  define  the  resolvent  to  be   (A-z)~   and 
accordingly  there  is  an  additional  minus  sign  in  the  equation. 
Suppose  that  for  some  dense  set  of  vectors  S,   the  numerically 
valued  functions  of  the  variable  C  in  the  right  member  of  (2.1), 
converge  to  an  integrable  function  as  e  converges  to  0;     more- 
over the  order  of  integrating  and  taking  limits  can  be  inter- 
changed. Then  clearly  the  part  of  A  over  the  interval  LCn^Co^ 
is  absolutely  continuous. 

In  particular,  this  is  the  case,  if  for  each  element  f  of 
S,   the  two  families  of  scalar  valued  functions   Tf  ,R(C±ie  )f'^ 
converge,  as  e  converges  to  0  from  above,  uniformly  in  11, 
in  ^^1*^2^'     Thus  the  absolute  continuity  of  the  part  of  A 
over  this  interval  is  assured  by  this  property,  v;hich  v;e  formu- 
late for  future  reference. 


JL  •  ^ 


s  -i,^j  V  *.i.  - 


,b[hi-:^i<-:^)^^.^')  -  f'U3i:0)H,.'i;j' 


ik;   r^i). 


.noi.- 


•v:- 


(I.. 


fix       J 


•-::r^  9jlJ      .a     e'rx;';3-  -10  SOS  o.fief;  orno^ 


oo  ^sl- 


2.  2  4 

There  Is  a  densa  set    S_   such  that  for  every    t,    in 
[t,  ,t,   ]    the  t/;o  families  of  Her.r.ltian  forms,     R(  £,  ±  !«  ) 
on    S  X  S  ,  can  be  continued  v>/eakly  to  the  point    t,  . 
Moreover  this  is  uniform  in    ^    in     [  ?, , ,  ^ -> ]  • 

For  convenience  set 

A,  =  A    +  P  , 
1        o 

A     and   A,    being  strictly  self  adjoint  on  the  same  domain.     For  brevity 
o  1 

we  call    A     and   /->      perturbed  and  unperturbed  operators  respectively; 

P    is  the  perturbation.     Distinguishing  the  corresponding  resolvents  by 

subscripts,  for  non  real    z   we  have  the  elementary  relation, 

R,  (  2)   -  R^(  z)  =  R,  (  z)  PR  (  z)   , 
1  o  1  o 

which  is  called  the  second  resolvent  equation.     In  case    ( 1  -  PR  (  z) ) 

admits  an  inverse  this  equation  allows  one  to  express    R  {  z)    in  terms  of 

R  (  z)    and    P  , 
o 

(2.2)  R^(z)  =R^{z)(l  -  PR^(z))"^   . 

Next  we  assume  that  the  unperturbed  resolvent  has  property    [  *J  ,  and 
ask  for  conditions  on  the  family  of  operators    ( 1  -  PR  (  C  +  i« ) )        which 
ensure  that  the  perturbed  resolvent  also  has  property    [  *]  .    First  one  is 
tempted  to  say  tliat  all  that  one  needs  is  the  strong  convergence  of  this 
sequence  on    S  ,  arguing  that  the  product  of  a  strongly  and  a  weakly 
convergent  sequence  of 
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2.5  5 

operators  converges  weakly.  Then  according  to  (2o2)  the  per- 
turbed resolvent  would  converge  weakly.   ?Iowever  this  arguunent 
does  not  apply  to  our  operators  since  v/e  do  not  have  convergence 
on  the  entire  space.   Another  pathology  concerning  vjeak  conver- 
gence of  operators  on  a  dense  set  Is  that  the  space  of  bounded 
operators  Is  not  complete  with  reference  to  this  convergence.   In 
order  to  exclude  such  pathologies  vje  need  some  additional  condi- 
tions and  definitions. 

Consider  an  abstract  Banach  space  B  and  a  form  F  on 
B  "x  B  which  is  conjugate  linear  in  its  first  and  linear  in  its 
second  argument,  in  short,  Hermitian.   Let  <  f",  Fg  >  denote 
the  value  of  F  for  the  pair  (f^g).   The  complex  conjugate 
sign  above  f  does  not  imply  that  the  conjugate  of  an  element 
of  an  abstract  Banach  space  is  defined;  it  merely  emphasizes  that 
F  is  conjugate  linear  in  its  first  argument.   In  analogy  to  the 
notion  of  the  norm  of  an  operator  we  define  the  norm  of  the  form 
F  by  setting 

(2.5)  ||<F>||  =  sup  ^.  I'^^^H . 

f,S  llfllB-llsllB 

In  analogy  to  weak  convergence  of  a  family  of  operators,  v;e  say 
that  the  family  of  forms   F(e)   converges  v;eakly  to  the  form 
F(0)   if  for  every  f  and  g  in  B 

(2.4)  lim  <  f,  F(e)g  >  =  <  f,F(0)g>  . 
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Note  that  if  P(e)   Is  a  weak  Cauchy  sequence  and  the 
correspondlnG  norms   ||<F(e)>||  ,  remain  bounded  independently 
of  e   then  F(e)   converges  to  some  form,  say  F(0).   Let  A 
be  a  bounded  operator  on  B  and  define,  FA  ,  the  product  of  the 
form  F  v;ith  the  operator  A  ,  to  be  the  form  determined  by 

(2.5)  <  f ,  FAg  >  =  <  f,  FlAg)  >  . 

Concerning  such  products  we  have  a  simple  but  important  proposi- 
tion:  if  the  fam.ily  of  forms  FCe)   is  bounded  in  norm  and 
convernes  weakly  to  F(0)   and  if  the  family  of  operators  A(e) 
convers;es  stronp;ly  to  A(0)  ,  then  the  family  of  forms  F(e)A(e) 
conver?;es  weakly  to  the  form  F(0)A(0).  Tnis  an  immediate  con- 
sequence of  definitions  (2.4)  and  (2.5)  if  we  remember  that  for 
the  family  of  operators  ^A(e)  i  the  principle  of  imiform  bound- 
edness  holds. 

After  this  digression  on  abstract  Hermitian  forms  v;e 
return  to  the  question  of  finding  conditions  v/hich  ensure  that 
property  [*]   holds  for  the  perturbed  resolvent.  Recall  that 
we  already  assumed  that  [*]  holds  for  the  unperturbed  resol- 
vent and  we  consider  the  set  S  entering  it.  Then  roughly 
speaking  v;e  shall  require  the  existence  of  a  norm  such  that:   if 
B  is  the  completion  of  S  with  reference  to  this  norm  then  one 
can  set 


and 


F(e)  =  R^(C+le) 
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2.5  7 

In  the  previous  proposition.  Since  the  operators  on  the  right 
act  on  H  let  us  specify  how  they  determine  forms  and  operators 
respectively  on  B, 

Suppose  that  there  Is  a  Banach  space  B  such  that  3  o  H 
Is  dense  In  both  B  and  H  In  the  appropriate  norm.  Let  A  be 
a  bounded  operator  on  H  which  maps  B  n  H  Into  Itself  and 
whose  restriction  to  B  n  H  Is  closeable  with  reference  to  the 
B-norm.  Then  v;e  call  the  closure  of  this  operator  the  operator 
determined  by  A.   Similarly  let  F  be  a  bounded  operator  on  H 
and  suppose  that  the  form 

(f,Fs)   on   (B  Ps  H)  X  (B  0  H) 

Is  closeable  with  reference  to  the  B-nonn,  Tlien  we  call  the 
closure  of  this  form  the  form  determined  by  F.  Now  we  can 
formulate  the  previously  mentioned  conditions: 

Condition  1.   [C^^CgJ 

For  every  ^   in  this  Interval  and  e  =|=  0  the  two  families 
of  operators   R  (C±le)   on  H  determine  forms  on  B  X  B.   These 
foiTTis  converge  v;egk:ly,  as   e  converges  to  0  from  above,  uniform- 
ly In  ^.   Moreover  their  norms  remain  bounded  uniformly  in 
e  >  0  and  In  1^. 

Condition  I.   [C^^Cg] 

For  every  11,      in  this  Interval  and  e  4  0  the  tv.'o  families 
of  ooerators  1  -  PR  (C±le)   on  K  ,  determine  Invertlble 
operators  on  B,   Tlie  two  families  of  Inverses,   (l-PR  (i^±le)) 


P-Q 


a  o.'I";   fi± 


X-."    , 


b:::.  1Io^i;^i;   cUrtl     H  r\  S     ::-::x;f':  rlolflv;     H     no  'iu:;.o\:f.qo   /e/:.:.  ."ocJ  ij 

'v'-'c ;;>*■: cfr-   on:;   101}- iyis-Ci/j   [-^rrVS   'io   e-r5.:?:olo   e;lci   llii^^  g:;  r  .jri'j''      «iK'xon-S 
K     no  'io:f.y^Lrp  hebrvjcd  b  sd      i     rial  •^I'XJiIxfrrxB      ,A     \u  hanS-jy .  sJ i:,b 

/li^ol  Gilo    :ji'r'o    svioqqjjs   bas 


K  it 


H  n  -)   .-;    (H  -  a)      no      (y;'\:i; 


X- 


2.6  8 

converp;G  strongly  on  B  as  £  converc:es  to  0  from  above,  and 
this  Is  uniform  In  C. 

V/e  see  from  the  previous  proposition  and  from  the  second  resol- 
vent equation  (2.2)  that  If  the  perturbation  problem  A^,?   , 
satisfies  Condition  l-I^C^^^Cg]  then  property  [*]  holds  for 
the  perturbed  resolvent,  R,(i;±le).   Thus  these  conditions  assure 
the  absolute  continuity  of  the  part  of  A^  over  the  Interval 

In  the  Appendix  v/e  shall  verify  this  condition  for  the 
Sturm-Llouvllle  operator  -D  +  M(q)  ,  provided  that  the 
potential  q  dies  out  at  infinity.   In  doing  this,  v/e  shall  need 
detailed  information  on  the  perturbed  resolvent,  in  spite  of  the 
fact  that  it  does  not  enter  the  condition  explicitly.  For  this 
reason  v;e  introduce  two  more  conditions,  vjhich  are  more  restric- 
tive then  this  one.  Nevertheless  for  a  large  class  of  perturba- 
tion problems  we  can  verify  them  without  reference  to  the  per- 
turbed resolvent.  They  read  as  follows: 

Condition  2.[^j^,^g] 

For  every  ^   in  this  Interval  the  two  families  of  operators 
determined  by  PR  (^±ie)   on  B  ,  conver,Q;e  in  norm  to  compact 
operators,  as  e  converp;es  to  0  from  above,  and  this  is 
uniform  in  ^ . 

Condition  ^.fCj^^C^I 

For  every  t,      in  this  interval  the  nullspacec  of  1-PR  ({;±) 
on  B  are  trivial. 
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2.7  9 

If  this  condition  is  satisfied  at  a  given  point  C  only- 
then  v/e  refer  to  it  as  Condition  J.C-   Similarly  v/e  shall  speak 
of  Condition  l-C  and  2.^. 

'v/e  claim  that  Conditions  2-5  imply  Condition  I.  For, 
according  to  Condition  2,   PR  (^4-)   is  compact  and  so  the 
Fredholm  alternative  applies  to  the  operator  1-PR  (C+)«  Tlius 
from  Condition  5  v;e  can  conclude  that  1-PR^(C+)  admits  a  boimd- 
ed  Inverse  defined  on  all  of  B.  From  this  in  turn,  using  the 
other  part  of  Condition  2  v;e  conclude  that  for  small  enough  e 
the  operators  1-PR  (C+le)  admit  Inverses;  moreover 
d-PR  (^+le))    converges  in  the  B-operator  norm  to 
d-PR  (C+))"  .  Thus  Conditions  2  and  p  imply  Condition  I.   In 
conclusion  let  us  remark  that  if  v;e  replace  norm  convergence  by- 
strong  convergence  in  Condition  2  this  implication  may  possibly 
be  false. 

Summarizing  our  results  we  arrive  at  the  follov/lng: 

Lemma  2»1 

Suppose  that  the  perturbation  problem  A  .P  ,  satisfies  condi- 
tions l-l,[^-^,^rj      or.  Conditions  1-2-3.  [^3_.  ^2^  •   "Jl^en  the  part 
of  the  perturbed  operator  A  +  P  over  the  Interval   [^  ,4^]   is 
absolutely  continuous* 

In  the  applications  that  we  consider  we  can  verify  the  first 
two  of  these  conditions  directly.   In  establishing  Condition 
5«[C-i>Coi  *   hov/ever,  it  is  convenient  to  proceed  indirectly. 
I.e.,  to  assume  that  it  is  violated  and  to  derive  a  false  con- 
clusion from  this.  Such  a  conclusion  is  stated  in  the  next 
section. 
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5.     The  basic   lemma 

Let     V     be  a  spectral   transformation  of  the  iinperturbed 
operator     A     ,    I.e. 

(3.1)  A^  =  V*r4V   , 

M  being  the  multiplication  operator.  For  convenience  assume 
that  the  spectrum  of  A   is  simple,  then  M  acts  on  an  Lp  - 
space  of  numerically  valued  functloriS.  Let  C     be  the  space  of 
conti;.uous  functions  v/ith  the  supremum  norm  and  assume  that  V 
is  a  bounded  map  from  H  0  B  into  _C,  Finally  let  5„  denote 
the  evaluation  fimctional  on  _G  defined  by 

(3.2)  5.f  =  f(0  . 

Then  v;e  foj-roulate  a  lemma  v/hlch  plays  a  basic  role  in  establish- 
ing Condition  3.^. 

Lemma  3.1 

Suppose  that  the  perturbation  problem  A  ,P  satisfies  Conditions 
l-2.[^,,^p],  and  suppose  that  the  vector  f  in  B  and  number 
C  in  [C,^,C,^]      are  such  that 

(3.3)  ±  either  (l-PRQ(C-))f  =  0  or  (l-PR^(C-))f  =  0. 

Then 

(3.^)  5.Vf  =  0 

We  start  the  proof  by  setting 

g(e)  =  PR^(C+lE)f 
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and  observing  that  according  to  Condition  2.^   this  family  of 
functions  converges  for  an  arbitrary  function  f  In  B.   If  v;e 
take  f  to  be  the  function  appearing  in  assumption  (5o)  ,  then 
clearly 

g(£)  — ^  f 
and 

(3.5)  (l-PRQ(C+))s(e)  —^0  . 

From  this  fact  and  from  Conditions  l.C  v;e  conclude  that 

(5.6)  11m  <  f  ,  R  (C-le)fl-PR  (C+))g(e)  >  =  0  . 

£-!  +0 

Next  v/e  claim  that 

(5.7)  Im  <  f    ,   R^(C-ie)g(e)    >  =   0    . 

For,  the  form  R  (^-Ie)   on  B  X  B  is  determined  by  the  operator 
R  (^-ie)   on  H;  hence 

<  f  ,  R^(C-le)g(e)  >  =  11m  <  f^  ,  ^Qi^-i.^)s^U)    >   ; 

f   and  g   being  sequences  in  B  r,  H  v/hich  tend  to  f  and  g 
respectively  in  B.   By  assumption  PR  (^+ie)   is  a  bounded  map 
of  BAH  into  itself  and  so  v;e  can  take 

Thus 

<  f  ,  R^(C-ie)e(e)  >  =   11m  fRQ(^+ie)f^  ,  PR^(^+le)f^)  , 

and  since  P  on  H  is  self -ad  joint  we  see  the  validity  of  {'^.7)» 
From  relations  (p.?)  and  (3. 5)  v;e  conclude  that 
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lim  [im  <  f  ,  R^(C-le)Cl-PR  (^+)'^S.  >]  =  <  f  ,  ^J^-)^   =^  • 
e-^  +o  ■-         °  o      E  4 

On  the  other  hand  according  to  (3 ..6)  the  left  member  equals  zero, 
thus 

(5.8)  Im  <  f  ,  RqIC--)^  >  =  0  . 

How  from  this  relation  v;e  can  easily  derive  conclusion 
(5,4).  For,  according  to  Condition  1,^,  for  an  arbitrary  func- 
tion f  in  B, 

(5.9)  <  f  ,  R  (t;-)f  >  =   lim  ff^,R^(C-l£)0  , 


o 


e.n 


n'  o 


n 


the  limit  on  the  ri:;ht  being  a  double  limit.   Next  set 


Sq(z)  =  (z-M) 


-1 


and  observe  that  according  to  (5*1) 


R  (z)  =  V  S  (z)V  . 
o        o 


Hence 


Im(f^  ,  R^(C-lB)f^)  =  (Vf^, 


S^it^-le)    -  S(C+ie)]vf^)  . 


From  this  fact  and  from  the  assumption  that  V  maps  vectors  in 
B  n  H  into  continuous  functions  v;e  can  conclude 


lim  (Vf  , 
£-^  +o 


S^(C-i£)  -  SQ(C+ie) 


Vf^)  =  7r|5^Vf^r  , 


if  we  use  a  theorem  of  Fatou.  Since  V  is  a  bounded  map  of 
B   H  into  C  ,  this  yields 


-((-:•: 


•  Ciij'':   alfij.;p9  nsditiSv/  Jlsl   G^i-y    (^^a-^)    o;/   y.nJ:&icoos   'xTBrJ  lerf'o 


0   :^  <   ^(.^^ii^hl   t  T 


o 


I:U 


^•li 


f.I     1     nolo 


('^,-i(..f:-'^)^.n,^;:;')  .nij;  •   <  ■'-J^^h  .   i  >  i'i.O 


as;;:  ^rs'^t      .ctlrffJ:!   •-/.[c^u^^b  r  :-r:.i:i'0   d'ri,:j:';i   er.i  no  JJ:n;;.I   8ri 


•-  I  .V ; 


o 


(.r.;.'j    o:;'  ■\n-':b'-.oooa  J^-il:i-  6VT©scfo  Ijks 


\rf 


U:)    !T 


sonsH 


O     J       ;^  Jk  O  a 


oev   :. 


1 '  v;  J. 


3bJjl: 


5.^  15 

(3.9)     llm  [lm(fj^,R^(C-lE)f^)]  =   Trl&^Vfl^ 

Finally  combining  relations  (3.8),  (3.9)  and  (3.10  v;e  obtain 
(3.^),  v;hich  establishes  the  lemma. 
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2 
4.   The  operator p  +  q(x)   on   (-~,  +  oo) 

Let  D  be  the  set  of  tv;ice  continuously  dlfferentlable 
functions  on  [-oo,  +  oo]  with  bounded  support.  We  define  the 
u.  perturbed  operator  to  be  the  D-closure  of  the  formal  operator 

-  2__  and  denote  it  by  -D  ,  For  the  perturbation  we  take  the 
operator  defined  by 

(4.1)  M(q)f(x)  =  q(x)f(x)  . 

2 
As  is  well  known  the  operator  -D   is  strictly  self  adjoint. 

Hence  if  the  function  q  is  bounded  so  is  the  operator  Il(q) 

and  we  see  that  -D  +  M(q)   is  also  strictly  self  adjoint  and 

\ie   take  it  to  be  the  perturbed  operator. 

VJe  formulate  additional  conditio-  s  on  the  function  q  which 

o 
assure  that  the  perturbation  problem  -D  ,  M(q)  ,  satisfies  the 

abstract  conditions  of  Section  2.  Specifically  v;e  assume  that 

q  is  a  continuous  function  for  v.'hlch 

(4.2)  11m   q(x)  =  0  . 

Ixl-i  CO 

Moreover,  q  is  integrable  v;ith  respect  to  a  weight  function, 

(4.3)  /    |q(x)  lw(x)dx  <  00  , 

>-'  -co 

such  that  w(x)  ^  1     and 

(4.4)  lim   w(x)  =  w  , 

|xM  w 

Define  the  Banach  space  B  to  be  the  closure  of  D  with  refer- 
ence to  the  norm 
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CO 


(4.5)  llfMB=   suplf(x)|    +    /         |f(x)|v;(x)doc   . 

Note   that  assumptions    (4t3)   and   (4.4)    imply  that 

(4.6)  Iklig  <  ~  . 

o 
We  maintain  that  the  perturbation  problem  -D  ,  W(q)   satisfies 

the  conditions  of  Section  2.  More  specifically  v;e  maintain  the 

following: 

Sub theorem  4.1 

Suppose  that  the  function  q  satisfies  conditions  ( 4 . 3 ) *  (4.4) 

and  that  the  bounded  interval   [^,  ,Cp]   does  not  contain  the 

o 
point  0  or  a  point  eigenvalue  of  the  operator  -D  +  M(q)   in 

Lp.  Then  the  perturbation  problem  -D  ,  M(q)   satisfies  condi- 
tions 1-2-3' [C-]  jCpl  with  reference  to  the  Banach  space  B, 

The  proof  of  this  subtheorem  makes  essential  use  of  the 
representation  of  the  unperturbed  resolventt,  Specifically 
setting 

(4.7)  k(u)  =  e^'^'  , 
v;e  have 

(4.8)  R  (z)(x,y)  =  ik(/i-(x-y))  , 

\/z     being  defined  in  the  plane  cut  along  the  positive  real  axis 
and  having  positive  imaginary  part, 

a)  Condition  1 .  [ C •■  > C ^ 3 »  Let  [Ci^^o^   ^®  ^  closed  and  bounded 
interval  not  containing  the  point  0.  First  observe  that  for 
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t,    In    [?,  ,  ?,   ]    the  kemol  of  the  unperturbed  resolvent  converges  pointwise. 

Specifically  if  on  the  positive  real  axis 

six  =    llm  \/t,  +  ie    , 
€-*+0 

then  according  to  (4.  7)  , 

(4.9)  lim  R  (^  +  iO(x,y)  =  — k(\T(x  -  y) )   . 

Since  this  convergence  is  uniform  in  any  bounded    (x,  y)     region,  we  see 
that  setting 

(4.10)  RCi+)(x,v)   =  —k{^{x-Y)), 

for  any  pair  of  functions    (  f,  g)     In  D  , 

(4.11)  lim    <r,R  (?,+  i6)g  >  =  <r,R^(^+)g  >. 

Note  that    R   (  C+)    is  a  possibly  unbounded  Hermitian  fonTi,  defined  by  the 
o 

kernel    (4. 10)    on    D  x  D  .    V/e  claim  that  it  is  bounded  uniformly  in    t,  . 
For,  v/e  see  from  relations    (4.7)    and    (4.8)    that 

Rq(C+  iO(x,y)  =0(1) 
uniformly  in   x,  y,  «  and    t,    in    [^,,^-,]  .    This  implies 

(4.12)  |<r,R  (^+  ie)g  >  I  =  0(l)||f  IL  •   llgIL 

O  u  D 

if  we  remember  that  according  to  definition  (4,  5)  the  B-norm  majorizes  the 
L  -norm.    Thus  the  family  of  Hermitian  forms    R    ( ?,  +  ie )    on    B  x  B   remains 
bounded  in  norm  and  converges  v.eakly  on  the  dense  set    D  x  D^ .    Since 
IC,>  ?>-,]    is  a  closed  interval  not  containing    0  ,  relation    (4.  11)    is 
uniform  in    ^    in    [^,,4,]    too.    This  establishes  the  part  of  condition  1  . 
I  ^,>  ^^]    concerning  the  family  of  operators    R  ( t,  +  ie )  .    A  repetition  of 
these  arguments  shows  that  the  family  of  operators    R  ( t,  -  ie )    also 
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satisfies  this  condition.    Thus  the  validity  of  the  entire  Oondition  1.  [t,  ,  t,   ] 
is  established. 

b.     Condition  2.     [i  ,  i   ]  .     Similarly  to  the  previous  subsection  v.'e  first 
claim  that  the  kernel  of  the  family  of  operators    M{g)  R  (  ^  +  ie )    converges 
pointwise.    For,  we  see  from    (4.7)    that 

lim  M(g)R  (^  +  10(x,y)  =  -^(x)k(\^(x  -  y) )  . 

Relations    (4.6)    and    (4.7)     show  that  this  kernel  defines  a  bounded 
operator  on    B   and  we  set 

(4. 13)  M(g)R  (^+)(x,y)  =  — g(x)k(^(x  -  y)  . 

It  is  nearly  evident  from  these  relations  that    M(g)R  (t,  +  U)    converges 

o 

strongly  to    M(g)R  (?,+  ).    V/'e  maintain  that  this  convergence  holds  even 
in  the  operator  norm,  i.  e. , 

( 4. 14)  lira  II  M(  g)  R^(  ^  +  i€ )   -  M( g)  RqC  ^+)  H  g  =  0  * 
moreover  it  is  uniform  in    ^    in    [^,>^-J  . 
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To  see  this  v;e  appro::lrnate  the  operator  lI(q)R  (C+ie)   by  a 
double  sequence.  Specifically  let 

1  0   <    |x|   j^  n 

m  \ 

m+l-lxl  m  <    |x|    <  nvi-l 

0  Xdrhl    <    |:'.| 

and  set 

(4.15)  A(m,n,e)    --=   ri(dj^^)M(q)R^((;-I-i£  )li(c^)    , 

c   being  the  characteristic  function  of  the  interval   [-n,n] 

Tiiese  cut  off  kernels  behave  better  than  the  original  kernel, 

inasmuch  as  they  have  bounded  support.  Hence  for  each   (m,n) 

the  limit 

11m  A(m,n,e) (x,y) 
e— ^  -1-0 

exists  uniformly  over  the  entire  (x,y) -space.  Thus  setting 


A(m,n,+)  =  M(dj^^)M(q)R^(C+)M(c^)  , 


we  have 


(4.l6)         lim  |lA(m,n,e)  -  A(m,n,+) |  L  =  0 
e-7>  -ho 


Next  we  claim  that  setting 


A(<»,n,e)  =  Il(q)RQ(C-l-ie)ri(c^)  , 


v;e  have 


(4.17)    lim  l|A(~,n,e)  -  A(m,n,e)|L=  0  , 
m  ->  CO 
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uniformly  In  n  and  e  4  0.   Tills  Is  nearly  evident  from  the 
uniform  boundedness  estimate  (4,11)  and  from  conditions  (k,2), 
(4.3)  and  (4o4)  which  imply  that 

lim  Md^q  -  q|  I3  =  0  . 
m  -4  00 

Finally  we   claim  that   setting 


A(m,«,e)   =  M(d„)M(q)R^(C+i£)    , 
mo 


we  have 


(4.18)  lim    I  \Mra,^,e)    -  A(m,n,e)  I  I3  =   0    , 

n  -^  CO  ■" 

uniformly  in     m     and     e  4  0.     For,   evidently 

A(m,c«,e)    -  A(m,n,e)   =  M(d^)li(q)RQ(C+ie)M(l-c^) 

and  using  the  uniform  boundedness  estimate  (4.11)  again, 
I  |M(dj^)li(q)RQ(C+le)M(l-c^)f|  I  =  0(  l)  i  |  (l-c^)f  1  I  j^   . 

Since  the  v/eight  function   w  appearing  in  definition  (4.5) 
satisfies  condition  (4.4),  we  see  tliat 

IKi-cJfll 

n  -^  00       I  li  1  'B 

Insertion  of  these  estimates  in  relation  (4.l8)  establishes  the 

relation.   Combining  relations  (4. 16),  (4.17)  and  (4,l8)  we  see 

that  the  triple  limit  of  the  sequence  A(m,n,e)   exists  and  hence 
all  the  iterated  limits  are  equal. 
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Thus 

(4.19)    11m  j^  lim  A(m,n,e)  ]  =  li:n  /'  11m  A(m,n,e)'^, 
e-)  -ro  \  m^n        J         m,n  \  e-^  +o        ) 

and  (4.14)  follows.   It  also  follov.'G  that  this  limit  is  loniform 
in  the  variable  C  ^    [CtjCoj  *  v:hich  v/e  suppressed  in  eo^uation 
(4.15). 

It  remains  to  be  shown  that  the  operator  M(ci)R  (C+)   is 
compact.   To  see  this  observe  that  each  of  the  operators 
A(m,n,e)   is  compact.   For,  definition  (4.15)  shows  that  this 
operator  maps  an  arbitrary  bounded  set  of  functions  in  B  into 
a  set  of  equicontinuous  functions,  v.'hich  are  polntwise  imiformly 
bounded.  Since  the  support  of  the  image  fui  ctions  is  contained 
in  the  interval   [-m-l,m+l]  ,  the  Arzela-Ascoli  compactness 
criterion  applies.  This  establishes  the  compact  character  of 
the  operator  M(q)R  (C^l-), 

c)  Condition  3«C«  We  maintain  that  if  the  point  C  4  0  is  not 
an  eigenvalue  of  the  operator  -D  +  M(q)   in  L^  then  this 
condition  holds.  1/e  shall  derive  this  fact  from  a  lemr;ia  that 
follows,  which  in  turn  will  be  derived  from  the  basic  Lenma  5«1» 
Recall  that  v;e  denoted  by  Q_     the  space  of  continuous  functions 
v/lth  the  supremura  norm. 
Lenma  4.2 

Suppose  that  the  point  ^  4  0  and  the  function  f  4  0  in  B 
are  such  that,  either 

(4.20)^        (l-Ii(Q)R  (C+)f  =  0  , 
+  o 
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or 


(4.20)  (l-M(q)R  (C-)")f  =  0  . 

o 

Then  there  Is  a  function  g  4  0  in  £  such  that 

(4.21)  lim  g(x)  =  0  , 

and  g  Is  a  weak  solution  of 

(4.22)  (-D2+H(q))c;  =  c;g  , 

v/lth  reference  to  the  set  of  test  functions  D. 

Since  C,      is  In  the  continuous  spectrum  of  -D  ,  the 
operator  C,  +  D       admits  a  densely  defined  Inverse,  R  (O   in 
Lp.  Let  us  assume,  for  a  moment,  that  the  function  f  of 
relation  (4.20)^  is  in  (^+D^)Dc:.L2  and  hence  it  Is  in  the 
domain  of  R  (^).  That  is  we  assume  that  there  is  a  function 
g  In  D,  such  that 

(^.25)         f  =  (C-!-D2)g   ^   g  ^  %^0f   . 

Then  the  first  of  these  equations  evidently  implies 

(4.24)     (l-l\{q)R^{l^))t   =  (/;+D2)g  -  M(q)g 
since 

R^(C)(C+D^)  =1   on  D  . 

Hence  If  the  function  f  satisfies  the  additional  equation 
ri-M(q)RQ(C))f  =  ('l-M(q)RQ(C±))f  , 
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then  (4,24)  yields  conclusion  (4.22)  in  the  strong  sense. 
VJe  maintain  that  even  if  the  function  f  is  not  in 
(^+D  )D  ,  this  argument  can  be  modified  to  yield  conclusion  (4.22) 
in  the  v;eak  sense.   To  see  this,  recall  relation  (4.l4)  v;hich 
shov;s  that  the  family  of  functions  R^(C+ie)f (::)   is  uniformly 
bounded  over  the  entire  x-interval   [-o*^  +  «•];  moreover 

lim  R  (^+ie)f(x)  =  R  (C-^)f(x) 
£-)  +o  °  ° 

holds  uniformly  over  any  bounded  interval.   Thus  setting 

-         CO 

(4,25)    s(x)  -  R  (C+)f  (x)  =  -  /   k(/t(x-y)')f  (y)dy  , 

v/e  obtain  a  function  in  C.   This  relation  is  a  limiting  case  of 
the  previous  r-elation  (4.25).   Instead  of  specifying  the  limit 
procedure  involved  v.'e  prefer  to  verify  from  definition  (4,25) 
that  this  function  satisfies  the  conclusions  of  the  lemma.  From 
the  assumption  that  f  is  in  B  ,  hence  it  is  integrable  and 
continuous,  v;e  see  that  the  function  g  is  tv/ice  continuously 
differentiable,  moreover 

(4.26)^  ^  g(x)  +  ^g(x)  =  f(x)  . 

^  dx 

Let  D   be  the  set  of  twice  continuously  differentiable  func- 
tions  in  C,   Accoi'ding  to  definition  (4.25)  g  is  in  D'   and 
setting 

c)\(x)  =  ^g(x) 


dx*^ 


we  have 
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(4.26)  d^z   +  Cs  =  f 

2  2  -'- 

V/e  note  that  the  operators  D  +  ^  on  D  and  ^  +  C  on  D' 

are  formal  adjoints  to  each  other.  Hence  for  every  test  func- 
tion t  in  D, 

vmich  in  view  of  relation  (4,27)  yields 

<  g,  (D^+Ot  >  =  <  f ,  t  >  . 

Remembering  definition  (4,23)  and  assujnptlon  (4,20)^  v.'e  see  that 

f  =  fl(q)s 
i.'hich  inserted  in  the  previous  relation  j'^ields, 

<  g,  (D^-:-c)t  >  =  <  ri(q)s,  t  >  . 

Hence 

<  g,  OUrJ-D^jt  >  =    <  S,    ^t   >   , 

establishing  (4.22)  in  the  v;eak  sense. 

To  complete  the  proof  of  the  lemma  v/e  have  to  establish 
relation  (4.21).  VJe  claim  that  this  relation  is  a  simple  con- 
sequence of  the  basic  Lemma  3.1*  For,  an  elementary  argument 

shov/s  that  a  spectral  transformation  of  the  unperturbed  operator 

2 
-D   is  given  by  the  vector  valued  kernel, 

V(x,y)  =  ^  x-^/*  [     _      . 
>/2  TT       \  g-i/x  y  / 
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Thus  using  a  slightly  extended  version  of  Lemma  3.1  v.'e  have 

Vf(c)  =  0  , 

that  is 

/  "  e^/^  yf  (y)dy  =  /'  "  e"^"'^  '^f  {y)dy  =  0  . 

^  -00  ^-^  -00 

Insertion  of  this  relation  in  definition  (4,25)  shov/s  the  validity 
of  conclusion  (4.21)  o   This  completes  the  proof  of  Lernma  4,1, 

Having  established  the  lemma  vje  derive  our  original  state- 
ment namely: 
Corollary  ^l«3 
Suppose  thgt  the  point   C  =[=  0  is  not  g  point  eigenvalue  of  the 

ooerptor  -D  +  I'i(q)   in  Lp.   Then  the  perturbation  problem 

2 
-D  ,  M(q)j   satisfies  Condition  3-^' 

First  let  us  consider  the  case  of  a  strictly  positive  number  C. 

Since  the  function  q  is  integrable,  v;e  knov;  that  equation 

(4,22), 

(-D^+M(q))g  =  CS  i 

admits  tv;o  linearly  independent  solutions  in  C^  v;hich  oscillate 
at  plus  and  minus  infinity  [l6,e].  Hence  every  non-trivial 
solution  of  this  equation  oscillates  at  plus  and  minus  infinity. 
Thus  conclusion  (4.21)  of  Lemma  4.1  is  contradicted  and  the  lemma 
shows  that  the  nullspaces  of  l-II(q)RQ(C±)  on  B  are  trivial. 
In  other  v/ords  for  strictly  positive  nurabers  C  Condition  3»C  is 
established. 
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Next  let  us  consider  the  case  of  a  strictly  negative  C  and 
assiome  that  Condition  5,^  does  not  hold.   Then  according  to  Lemma 
4.1,  for  such  a  value  of  C  equation  (4,22)  admits  a  non-trivial 
solution  g  v/hlch  vanishes  at  plvis  and  minus  Infinity.  An 
elementary  argument  shows,  which  v;e  shall  not  carry  out,  that 
such  a  function  g  vanishes  exponentially  at  plus  and  minus 
infinity*  Thus  g  is  square  integrable  and  according  to  equa- 
tion  (4.22)  it  is  an  eigenfunction  of  the  operator  -D  -!-  H(q) 
in  L  .   Tills  establishes  Corollary  4.5, 

Finally  combining  this  corollary  with  the  stateraents  of 
subsections  a)  and  b)  v;e  see  the  validity  of  Subtheorem  ^i.l. 

Having  established  the  subtheorem  v;e  derive  t\;o  theorems. 
The  one  that  follo\.'s  is  imrnediate  if  \:e   remember  the  abstract 
Lemma  2.1. 
Theorem  4.1 

Suppose  that  the  function  q  satisfies  conditions  (4.3),  (4,4) 
and  that  the  interval   [ ^ , , ^ „ ]   does  not  contain  the  point  0  or 
a  point  eigenvalue  of  the  operator  -D"  +  M(q)  in  L^.   Then  the 
part  of  this  operator  over  the  interval   [Ct^Cq]   is  absolutely 
continuous. 

We  maintain  that  this  theorem  can  be  generalized  Inasmuch  as 

p 
the  entire  co:  tinuous  part  of   -D  +  M(q)   is  absolutely  continu- 
ous. For,  vie   have  seen  that  for  an  arbitrary  positive  Integer  the 

T  p 

interval   [jr*n]   does  not  contain  point  eigenvalues  of  -D  -!-  M(q). 

Hence  according  to  this  theorem  the  part  of  the  operator  over 
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this  interval  Is  absolutely  continuous.   It  is  a  general  operator 
theoretic  fact  that  the  spectral  projectors  of  a  strictly  self 
adjoint  operator  define  a  projector  valued  measure,  v/hich  is 
countably  additive  in  the  strong  topology  [16.O].   Thus  the  part 
of  the  operator  -D  +  M(q)   over  the  open  interval   (0,co)   is 
absolutely  continuous.   On  the  other  hand  conditions  (4.3)  and 
(4.4)  imply  that  the  function  q  is  square  integrable.   This,  in 

turn,  according  to  a  theorem  of  E.  Balslev  and  F.  V/olf  [13] 

2 
Implies  that  M(q)  is  compact  with  respect  to  -D  .   Hence 

Weyl's  theorem  shov/s  that  the  essential  spectrum  of  the  operator 

-D  +  M(q)   consists  of  the  interval  [0, <»].   Combining  this  fact 

with  the  statement  above  we  arrive  at  the  following: 

Theorem  4.2 

Suppose  that  the  function  q   satisfies  conditions  (4.3)  and 

(4.4).   Then  the  continuous  part  of  the  operator  -D  +  M(q)  is 

absolutely  continuous. 
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,2 
5.   The  operator +  q(x)   on   lO,co] 

As  is  well  knovm  In  order  to  define  a  strictly  self  adjoint 
operator  v.'ith  the  aid  of  this  formal  differential  operator  one 
needs  a  boimdary  condition.  Accordlng^ly  let  B  be  the  set  of 
those  twice  continuously  differentlable  functions  v/ith  bovinded 
support  which  satisfy  the  boundarj^  condition, 

(5.1)^         cos  a  f(0)  -1-  sin  a  f  »(0)  =  0  . 

Ue  define  the  unperturbed  ooerator  to  be  the  D-closure  of  the 

.2 
formal  operator  -  —^  and  denote  it  by  -D  .   Similarly  ;.'e 

dx"^ 
define  the  perturbation  by  setting 

(5.2)  M(.Jf(x)  =  q(x)f(x)  . 

Then  we  knov;  that  the  perturbed  operator  -D  -:-  M(ci)   is  essen- 
tially self  adjoint  on  D  for  a  large  class  of  functions  q[l5]. 

E.  C.  Titchmarsch  [14],  [l6.gl  formulated  e  condition 
on  the  function  q  ,  continuity  and  integrability,  \.'hich  assured 
that  the  continuous  part  of  -D  -{-  II(q)  was  absolutely  continu- 
ous. His  arguments  v;ere  based  on  the  1/eyl  representation  theorem 
[l6.c]  for  the  perturbed  resolvent  and  on  the  Titchmarsh  - 
Kodaira  formula  [l6.d],  v;hich  in  turn  is  based  on  the  resolvent 
loop  integral  formula.   In  the  Appendix  we  show  that  his 
estimates  imply  the  abstract  Condition  I  and  thus  the  absolute 
continuity  follows  from  the  loop  integral  formula  alone. 
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In  this  section  we  Illustrate  that  Imposing  additional  con- 
ditions  on  the  function  q  ,  the  perturbation  problem  -D  ,M(q) 
satisfies  the  abstract  Conditions  1-2-5,  concerning  the  unper- 
turbed resolvent.   Accordingly  follov/ing  the  previous  section  we 
assume  that  q  is  a  real  valued  continuous  function  for  which 

(5.3)  lim  q(x)  =  0  . 

Moreover  it  is  integrable  with  respect  to  some  v;eight  function 
w  f   such  that 

(5.4)  i;(x)  >  1   and   lim  w(x)  =  «>  . 

::  -^  CO 

In  analogy  v;ith  the  previous  subsection,  define  the  Banach  space 
3  to  be  the  closure  of  D  with  reference  to  the  norm 

(5.5)  II^IIb=  sup  lf(x)l  +  /   |f(x)|w(x)dx  . 

^  o 

V/e  maintain  that  conditions  (50)  and  (5«'l)  assure  that  the 
perturbation  problem  -D"",  M(q)   satisfies  Conditions  1-2-3. [C, Col 
with  respect  to  the  space  B,   provided  that  the  j.ntervrl   [Ct^Co] 
does  not  contain  0  or  a  point  eigenvalue  of   -D  -1-  M(q). 

2 
The  main  difference  betv;een  the  operator  -D   acting  in  free 

space  or  in  a  space  of  functions  satisfying  a  boundary  condition, 
is  that  the  latter  is  not  translation  invariant.  Accordingly 
the  inverse  can  not  be  represented  as  a  convolution.  Neverthe- 
less, if  we  review  the  estimates  of  the  previous  section  \ie   see 
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that  the  convolution  character  of  the  unperturbed  resolvent 
played  but  a  small  role.   There  \;ere  two  key  properties:   one  v;as 
the  uniform  boundedness  estimate  ('l.  11)  and  the  other  v/as  the 
uniform  conver:^ence  of  the  kernels  R  (C+le)(x,y)   over  any 
bounded   (x,y) -region.   We  claim  that  these  properties  hold  for 
the  present  unperturbed  resolvent  as  v/ell.  For  convenience  set 
a=0  in  (5.1)^,  i.e.  consider  the  case  of  the  boundary  condi- 
tion f(0)  =  0.   As  is  v.'ell  knov/n,  R  (z)   is  an  integral  opera- 


tor, v;ith  kernel. 


(5.6)    n^{z){x,y)   = 


y  <  X 


ie^^^  -^^   sin  (y./7) 
/i" 

1  sin  (x  /"z  e^^^  ^  y  >  X 

/z 


■"•  > 


n/z  being  defined  in  the  plane  cut  along  the  positive  axis  and 
having  positive  Imaginary  part.  Taxs   formula  shows  that  the 
kernel  of  the  unperturbed  resolvent  converges  point^'^ise.   More 
specifically  if  we  define  the  kernel   R  (C+)(x,y)  by  replacing 
yi  in  (5.6)  by 

/C"  =  11m   /C+Ie 
e-->+o 

then  we  see  that 

(5.7)       lim  R^(C-:-ie)(x,y)  =  R^(M-)(x,y)  , 

e— >+o 

uniformly  in  any  bounded   (x,y )-region.   To  see  the  uniform 
boundedness  of  these  kernels  set 
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K.  (C+io)(::,y)  =^?=^  C,(y)e^-'^'"^'^^  sin  (y/C+1^) 

(5.8) 

K.(aie)(::,y)  =  ,f=  (l-C  (y)e^y'^^+^sln  (x/CTU)  . 

By  definition  Im/C-i-i£  ^  0  and  combinins  this  with  the  fact 
that  X  and  y  are  positive  v/e  see  that 

|K^(C+l£)(x,y)|  <^;== 

(5.9) 

1 

|K„(C+l£)(x,y)|  <, 


*  s 


'^+i£ 


Since  evidently 

R^(C+i£)(x,y)  =  K^(C+le)(:c,y)  +  K^{l^+lz)  U ,y)    , 

estimate  (5.9)  shov;s  that  if  the  closed  interval  [^■^,^2'^      does 
not  contain  the  point  0  then 

(5.10)         |R  (C+ie)(x,y)I  =  0(1)  , 


o 


uniformly  in  x,  y,  £,  and  ^  e  [^2*^2^* 

Having  established  relations  (5.7)  and  (5.10)  the  arguments 
of  the  previous  section  can  be  repeated,  showing  the  validity  of 
Condition  1-2-3.   Thus  v;e  arrive  at  the  follov;ing: 
Theorem  5»1 

Suppose  that  the  function  q  satisfies  conditions  (5. 3)  and 
(5.^0.   Then  the  continuous  part  of  the  operator  -D  +  M(oJ   is 
absolutely  continuous* 
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Apj)endl:c 

Condition  I  for  the  operator  -D  -i-  lUq)   on   [0,co), 
Suppose  that  the  function  q  satisfies  the  condition  Introduced 
by  Tltclimarsh,  namely.  It  Is  continuous  and  absolutely  integrable. 
Then  we  shovi   that  the  perturbation  problem  -D  ,H(q)   satisfies 
Condition  I.[C-i^^p]   \;lth  reference  to  the  space  L-,  ,   provided 
that  this  interval  does  not  contain  0, 

Ue  need  the  l.'eyl  representation  theorem  [l6.c]  for  the  per- 
turbed resolvent  v;hich  says  that  for  non-real  z  ,  R(z)   is  an 
integral  operator.  Moreover 


R(z)(x,y)  = 


<i>{x,z)->J/{Y)'z) 


V/(x,z)<t>(y,z)        y  *■  X  , 


v;here     <>     and     v'     are  solutions  of  the  equation 

-  ^  0(x)   +  q(x)0(x)   =   z0(x)    , 

such  that  <i>     satisfies  the  boundary  condition  at  x  =  0  ,  v-'  is 
square  integrable  at  x  =  <»  ,  and  their  Wronskien  equals  1. 
Now  the  estimates  of  Titclimarsch  [l4],  [l6.f]  say  that 

(I-l)  *(x,C+le)  =  0(1)   ,   ^(y,C+le)  =  0(1) 

uniformly  in  x,  y,  e  ,  and  C,   e  [^-,;.C2^*   ^^  ^^''^  other  hand  the 
fact  that  the  solutions  of  a  differential  equation  depend  con- 
tinuously on  the  eigenvalue  parameter,  shows  that 
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(1-5)     lln  iKojR  (^!-i£)  =  M(q)R(C-:-)  , 
e-5  -i-o     ° 

strongly  on  the  space  L,   and  uniformly  In  C  ^  [C-i^Cp^*   '^'^^ 
second  resolvent  ec^uation  shows  that 

(z+D^)R(::)  =  1  +  M(q)R^(z)  , 

which  In  turn,  shows  that 

(1-4)      ('l-M(q)R^(C+l£))   =  1  +  M(q)R-^(C+ie)  . 

Thus  relations  (1-3)  and  (1-4)  establish  Condition  I. 

Actually  for  this  operator  it  isn't  any  easier  to  establish 
Condition  I,  than  the  fact  that  the  perturbed  resolvent  can  be 
continued  v;eakly  onto  the  spectrum  on  L,  -•  L,  . 


,    (■U-f:0    H(p)M  -;-   I   =.     '(Ui-f^)    H(p}ri-.X)  (11.-1) 
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